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Abstract. Functions in Hardy spaces on multiply-connected domains in the 
plane are given an explicit characterization in terms of a boundary condition 
inspired by the two-dimensional Ising model. The key underlying property is 
the positivity of a certain operator constructed inductively on the number of 
components of the boundary. 



1. Introduction 

A remarkable property of critical phenomena in two dimensions is their local 
conformal invariance. This has resulted in a rich interaction between statistical 
physics and many branches of mathematics, including probability, complex analysis, 
Riemann surfaces, and infinite-dimensional Lie algebras (see e.g. [Tl 151 HI 121 IT51 FLU 
[TB] and references therein). 

The goal of the present paper is to show how ideas from two-dimensional statis- 
tical physics can help answering an important question in complex analysis, namely 
how to explictly characterize the boundary values of holomorphic functions on a 
smooth multiply-connected domain f2. See [7] for an elementary introduction to 
analytic function spaces on planar domains. 

The simply-connected case is well-known. In this case, O can be assumed to be 
the unit disk P by the Riemann mapping theorem. The space of holomorphic func- 
tions admitting L 2 boundary values is the Hardy space H 2 (B>), and their boundary 
values can be characterized by the condition that all their Fourier coefficients of 
negative index vanish (see e.g. [17). The projection operator on the space of L 2 
boundary values of holomorphic functions is given in terms of the Hilbert transform, 
which is the primary example of a singular integral operator. Underlyingl this is 
the basic fact that, for any real-valued L 2 function / on <9ED, there is a single- valued 
holomorphic function F on D with / as its real part on dH>. 

In general, there is no such function F if ft is multiply-connected (see [5], for in- 
stance). However, a natural remedy to this is the following boundary value problem, 
which (as we will show) always possesses a unique solution: 

(1.1) F holomorphic on CI, Qm((F — f)v%) = on dCl 

where v is the outer normal to the boundary, viewed as a complex number. This 
boundary value problem is suggested by recent studies of the Ising model [T51 151 [TU] . 
An n-connected domain fl in the plane admits 2™" 1 different spin structures. Since 
f2 admits a global frame, one of the spin structures, which we refer to as the 
trivial one, can be identified with scalar single-valued functions. We shall show 
that the boundary value problem (jl.l[) can always be solved for the trivial spin 
structure. This will give a simple explicit characterization of L 2 boundary values 
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of holomorphic functions. In the process, we shall also find an analogue, for each 
of the spin structures, of the Hilbert transform for multiply-connected domains. 

In this paper, we provide a functional-analytic proof of the existence and unique- 
ness of the solution to the problem ll.il 

Our result can in principle be applied to the study of the Schramm's-SLE curves 
SLE(3) and SLE(16/3) in finitely-connected geometries, for which solutions of the 
boundary value problem (|1.1[) are crucial |llj . 

2. Statement of the main results 

Let f2 be a bounded domain in K with smooth boundary dft. Let N[ n and N out 
be the unit inward and outward pointing normals to the boundary dtt. They can 
be identified with complex numbers u- m and v on t by writing, 

(2.1) N in = 25ie^ in — ), N out = 2Ke(j/ out — ), 

Oz oz 

with V in = -U oui , | I/ in | = | f out I = 1- 

Let L 2 (dtt) denote the space of L 2 complex-valued functions defined on dfl. 
Even though this is clearly a (complex) Hilbert space, we will most of the time 
view it as a real Hilbert space. Define the (real-linear) projection operators P; n : 
L 2 (dn) -> 1? (dCl) and P out : 1? (dfi) -> L 2 (dn) by 

P» [/](*) == ^ (/(*)+*£(*) 7 (*)), 

Po»t [/](«) := \{f(z)+V^ t (z)J(z)), 

Observe that the orthogonal projection Proj e ;e R of C on the real line e l8 M. in C 
can be expressed as Proj eI e K (C) = \ (C + e 2lS C) , VC G C,V6» G R. Thus P in [/](^) 

and P ut[/](-2) are just the projections of the complex number f(z) on the two 

i i 

perpendicular lines in C defined by tA n 2 (z)R and v ou l (z)M. As such, they are 
just twisted versions of the projections of complex numbers onto their real and 
imaginary parts. They provide a simple way of formulating boundary conditions of 
the form (jl.ip . e.g., 

(2.2) 3m(/(z)4W) = P in [/](z) =0, z e dn. 

Clearly P? n = Pj n , P 2 ut — P ut> and Pin + Pout = Id. We can now define the real 
Hilbert subspaces L? n (<9f2) and L 2 ut (dfl) by 

(2.3) L 2 n (dCl) = Ker{P out ) = Range{P in ), 

(2.4) L 2 out (dn) = Ker(P in ) = Range{P out ), 

and we have the direct-sum decomposition, 

(2.5) L 2 (dQ) = L 2 D (dn)(BL 2 out (dn). 

Let H 2 (fl) be the Hardy space of holomorphic functions on fi. It can be defined 
in several ways, and one way is as the Banach space of holomorphic functions F{z) 
on Q satisfying 

(2.6) sup 0<4<<1 f \F(z)\ 2 da(z)<^, 

Jan s 
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where Sis is the subset of SI consisting of points at a distance > S from dSl. For 
5 sufficiently small, the orthogonal projection of dSl$ on dSl is a diffeomorphism, 
and functions on dSlg can be identified with functions on dSl. What is important 
for our purposes is the fact that for each function F £ H 2 (Sl), the restrictions of F 
to dSlg, viewed in this way as functions on cT2, converge in L 2 (dSl) and pointwise 
a.e. to a function RqqF. The "restriction operator" Rn is a bounded, injective, 
operator from H 2 (Sl) to L 2 (Sl). 

Then our main result can be formulated as follows: 

Theorem 1. Let SI be a bounded domain with smooth boundary. Then for any 
function f € L 2 (dSl), there exists a unique function F € H 2 (Sl) satisfying the 
boundary condition 

(2.7) PinCM^) - /) = 0. 

This theorem is essentially equivalent to another theorem, which is actually 
the one that we shall prove first. Let the operators Tn : H 2 (Sl) — » L 2 n (dSl) and 
Un : H 2 {Sl) -> L 2 out {dti) be defined by 

(2.8) T n := P in o R 9n , U n := P ou t o Rgn. 
It is useful to depict this graphically as 

H 2 (SI) 
i/ T a I Ren \u n 
Lf D (dSl) <- L 2 (dSl) -> L 2 out (dSl) 

Theorem 2. Let SI be a bounded domain with smooth boundary. Then 

(a) the operators T n : H 2 (Q) -> L 2 n (dSl) and Un : H 2 {Sl) -> L 2 mt {dSl) are 
real-linear isomorphisms. 

(b) Define the operator W n ■ L 2 n {dSl) -> L 2 out {dSl) by 

(2.9) Wn = U n oT n \ 
Then W is a one-to-one and onto operator satisfying 

W n o(i)oWn = -Id 
(-j)o^no(j) = TnoUn 1 , 
where j denotes i ■ Id (multiplication by i operator). 

To see how Theorem [T] follows from Theorem [5J it suffices to observe that, if T^ 1 
exists, then for any function / 6 L 2 (dSl), the function F = ?n" 1 (Pi n (/)) satisfies 
the desired property. 

Part (b) of Theorem 2 can be easily seen by tracing back the definitions of the 
operators Tn and Un, once Part (a) has been proved. Thus we shall henceforth 
concentrate on the proof of Part (a) of Theorem [5] 

The spaces Lf n (dSl) and L 2 ut (dSl) can be viewed as the analogues, for multiply- 
connected domains, of the spaces of L 2 functions with only non- vanishing Fourier 
coefficients of respectively positive and negative indices in the case of the unit disk. 

The operator Wn is a variant of the Hilbert transform, for the twisted line bundle 
_ i 

is ou l (z)M. on the boundary of SI. 
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As we had stressed in the introduction, the analogue of the preceding theorem 
would fail if the projection operators P; n and P ou t were replaced by the projections 
on the trivial line bundles R x dCl and iR x dfl on the boundary of fi. In this case, 
there would have been an obstruction of a non-trivial finite-dimensional subspace. 
That this difficulty could be eliminated by considering boundary conditions of the 
form (jl.ljl is a key insight provided by recent advances in the study of the critical 
Ising model. There is a discrete variant of the above theorems can be established 
explicitly for discrete fermions (see [5], Section 13). 

3. Proof of Theorem [2] 
We begin by proving the injectivity of the operators Tq and Uq. 

Let F € H 2 (fl), and assume that Tq(F) = 0. If we set / = Rq(F), this means 

_ i 

that / = p(z)u in 2 (z) for some positive scalar function p(z) on the boundary. We 
claim that p(z) = identically, and hence F = identically in ft. Indeed, the 
holomorphicity of F implies 

(3.1) <£ F 2 (z)dz = 

fan s 

for all < 8 sufficiently small. But the convergence of the restrictions of F(z) to 
dfls to /, viewed as L 2 functions on dfl as explained in the previous section, implies 
in turn that 



(3.2) (p f 2 {z)dz = 0. 

fan 

On the other hand, a key motivation for the boundary condition (jl.ip is the fol- 
lowing identity, 

d? 

(3.3) ^z{f 2 {z)dz) = p 2 (z)5Re(— -) = P 2 {z) ds 

^in\Z ) 

where ds is the element of arc-length along dQ. This can be seen by picking a local 
defining function r(z) for the boundary dfl. Then v(z) = j^(d x r + id y r), and 

dz 

(3.4) — = ds + i(d x r dy — d y r dx), 

which implies (|3.3[) . It follows that p(z) = identically, as was to be shown. The 
argument for the injectivity of £/n is exactly the same. 

The proof of Theorem 2 reduces then to the proof of the surjectivity of the op- 
erators Tq and Uq . This will be done by induction on the number n of components 
of the boundary dil of the domain f2. The precise statements that we shall prove 
are the following. Let 

(3.5) dn = d 1 nu...ud n n, 

where the djtl's are the connected components of <9f2. 

For each j £ {1, . . . , n}, we denote by H 2 (fi, dj£l) the subspace of H 2 (ft) defined 

by 

H 2 (fl, djQ) := {/ € H 2 (Q) : T Q (/) \ m \ 9]n = 0} . 
Let T^ n : H 2 (CI) -> L 2 n (dflj) be the projection onto L 2 n (dClj) of Tq, 

(3-6) /^^(/) = (T n (/))U,. 
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The restriction of to H 2 {Q, djil) will be denoted by T 3 n . 

Then Part (a) of Theorem [2] is an immediate consequence of the following two 
lemmas, the first being the case n = 1, and the second the induction step from n 
to n + 1: 

Lemma 3 (Simply-connected case). Let £1 be a simply- connected domain. Then the 
mappings Tq : H 2 (51) — > Lf n (dft) and Uq : H 2 (f2) — > L 2 ut (dft) are isomorphisms. 

Lemma 4 (Induction step). Let n > 1, and assume that for any n-connected 
smooth domain Q, the mapping Tq : H 2 (il) — > Lf n (dfl) is an isomorphism. Let A 
be any (n + l)-connected smooth domain. Then the operator T\ : H 2 (A) — > Lf n (dA) 
is an isomorphism. 

We give now the proofs of Lemma [3] and Lemma @] An essential ingredient is 
the following conformal invariance property. Its proof is straightforward, since a 
conformal equivalence between two smooth domains extends to a diffeomorphism 
of the boundaries: 

Lemma 5 (Conformal equivalence). Let A and 5 be two conformally equivalent 
smooth domains and let if) : 3 — > A be a conformal map. Let djH be a connected 
component of 9S and djA :— ip (<9j2). Then the following diagram commutes 

H^^djA) % L 2 n (dA 3 ) 

I * i^\Lf n (dS 3 ) 

tf 2 (S,^S) 4" Ll^R), 
where the isomorphism ^ : H 2 (A) — > H 2 (S) is defined by 

N / ( z )) >-> («"-> / H) ^ h) . 



We observe that the square root y (w) is well-defined (up to a global harmless 

sign) even when f2 is multiply-connected (see [8], Chapter 4). Thus the trivial 
spin structure is mapped into the trivial spin structure under global conformal 
transformations. 

Proof of Lemma\3i If fi is simply-connected, then there exists a conformal equiv- 
alence between f2 and the unit disk O in C, which extends to a diffeomorphism 
between the boundary dfl and the unit circle §. By Lemma [5l it suffices to prove 
the desired statement when O = ED and 9f2 = S. 

Let ip : ED — > SI be a conformal mapping. By Lemma [5] (defining the operator ^ 
as in that lemma), we have the following commuting diagram 

H 2 {n,on) L 2 n (dn) 

H 2 (B,§) L 2 n (dS), 

We should now solve the problem on the unit disk: we should show that Tjj = To 
is invertiblc. 
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So, let us construct the inverse <Sb- Let / be a function in Lf n (§). Let (cfc) fe6Z be 
the Fourier coefficients of /, so that the Fourier series of / reads J2kez c k^k, where 
e k (9) := e lke . By definition of L? n (S), we have that P out [/] = \ (/ + e_i/) = 0. 
It is hence easy to see that we have c k + c-k-i = for all k € Z. We define 
Sb (/) : = .9, where g e H 2 (B) is defined by 

oo 

5 (z) := 2^c fc 2: fc . 
fe=0 

This clearly defines a bounded operator. Let us check that To (g) — f. The Fourier 
series of To (g) reads 

oo — 1 

^c k e k ~ ^ c -k-i ek- 

k—0 fe=— oo 

The nonnegative Fourier coefficients To (g) are clearly the same as the ones of /, 
and using c k + C-k-i = for all k G Z, we get that To (<?) = /. Using exactly the 
same arguments, it is easy to check that So ° To is the identity. 

Remark. 

It is also possible to construct So by writing it explicitly as a convolution kernel. 
This is in spirit closer to Ising model techniques: the convolution kernel corresponds 
then to a fermionic correlator. 

We turn next to the proof of Lemma 01 We need two simple observations. The 
first is a superposition principle, which allows to reduce the inversion of the operator 
Tq to the inversion of operators Tq^ 1 associated to the components <9if2, . . . , d n fl 

of an. 

Lemma 6 (Superposition). Let 5 be an [n + 1)- connected domain with 9S = 
9i2 U . . . U 9 n +iS. Suppose that for each j € {1, . . . , n + I}, the restriction T~ : 
H 2 (S, djS) — > Lf n (<9jS) of the operator T~ 3 ~ (originally defined on H 2 (S) ) is an 
isomorphism. For each j € {1, ...,n+ 1}, denote by S~~ 3 : Lf n (<9jS) — > H 2 (S) 

the inverse of T~ 3 , injected into H 2 (H) (the range of {r~ 3 ^j is contained in 
H 2 (S, djo) ). Then we have 

T| jH oS§' H = Id Vj 
T| jH oS*| fcH = VjVfc, 

and Th is invertible, with inverse Sz '■— S- 1 " © ... © S~ 3+1 ~ in the decomposition 
L 2 {d~)=L 2 (d 1 ~)®...(BL 2 (d n+1 ~). 

The proof of this lemma is again straightforward. 

The second observation is the following version of the Riemann mapping theorem 
for multi-connected domains: 

Lemma 7 (Riemann mapping theorem). Let S be an n+l- connected domain, with 
n > 1. Then for any component dj'E, of the boundary <9S, there exists a conformal 
equivalence between 3 and CI \ B, where fl is an n-connected domain containing the 
closure B of the unit disk C, and dj'B is mapped onto dD. 
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Proof of Lemma\^ Assume first that <9jS is an inner component of the boundary 
of E. Let D\ be the connected component of C \ S enclosed by djS. Let I p be 
the inversion map z — > (z — p) , for any point p G C. Choose a point p\ G D\ 
and a point p € C \ f2. If we apply 7 pi , then the domain E will be mapped to a 
domain I P1 (E) lying within C \ I Pl (-Di). By the Riemann mapping theorem, there 
exists a conformal equivalence between the simply-connected domain C\ I Pl (D\) 
and the unit disk B, which extends to a diffeomorphism between 7 Pi (i9iE) and the 
unit circle S. Then E is conformally equivalent to the domain Ij ^I Pl (E), one of 
whose boundary components is the circle Jj *&I Pl (9iE) = Ij (§). Translating and 
dilating so that this last circle is the unit circle, we obtain the desired domain ft. 
When <9jS is the outer component of 9S, we can apply an inversion I p with respect 
to a point outside £ to transform £ into another domain with dj3 transformed into 
an inner component of the boundary. This reduces the problem to the case already 
treated, and the proof of Lemma [7] is complete. 

The point of the two observations Lemma[6]and Lemma[7]is that, in conjunction 
with the conformal equivalence property, it suffices to prove that each individual 
operator Tq^ 1 for each fixed j, 1 < j < n, is invertible, when djfl is an inner 
boundary and a unit circle. This is the content of the next lemma, which is the 
hardest part of our argument, and which will be proved in the next section: 

Lemma 8 (Key Lemma). Let n > 2. Let f2 be an n-connected domain containing 
the unit disk P. Let 3 be the (n + l)-connected domain defined by Q \ D. Assume 
that Tq : H 2 (fi) -> L? n (dfl) is an isomorphism. Then if : H 2 (3, S) ->■ L 2 n (S) is 
an isomorphism. 

4. Proof of Lemma [5] 

Recall that S = fi \ D. Our goal is to construct an inverse to the operator T§, 
using the operator (Tq) -1 and function theory on §. 

4.1. Function theory on S. It is convenient to identify L 2 (S) with £ 2 (Z) by the 
Fourier transform, T : L 2 (§) — > i 2 (Z), defined by 




—ikx 



f (x) dx 



) 



We denote by J 7 1 the inverse of F. 

Within ^ 2 (Z), let us introduce the following real-linear subspaces, 



f(Z) := {(c k ) kez : c k = Vfc > 0} , 

£ 2 + (Z) := {(c fe ) fceZ :c fe = 0VA ; <0}, 

4(Z) := {(c fc ) fceZ :c fe -cZIZfe = 0Vfc}, 

Ct(Z) := {{c k ) k& :c k + c^ = 0yk}. 
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We denote by V± the orthogonal projection on £\ (Z) and by V m '■ £ 2 (Z) — > £ 2 n (Z) 
the orthogonal projection on £? n . In coordinates: 

■P+ : ( c fc) fce z ^ (l{fc>o}Cfe) feeZ 

V- ■ ( c fe)fcez ^ ( 1 {fc<o}Cfc) fce z 

Vin ■ (Ck) keZ l-> - (Cfc + C_fe_i) 

"Pout : (cfe) fcez i-> ^ (Cfc - c_ fc _i) 

Clearly, we have 

(4.1) V- o 27> in = Id £2 _ (z) , 27> in o P_ = Id £ 2 n(z) 
as well as the commuting diagram, 

i 2 (§)^-> L? n (S) 

| J" | J" 

where 

Lf n (S) : = {/ G L 2 (S) : 3m (/ (e ie ) e 19 / 2 ) = for almost every 6 } . 

(this choice of notation is made as in our case the inner normal on § is actually 
pointing towards the exterior of the unit disk O, as D is in the complement of our 
domain H). 

We also need the operator J : £ 2 (Z) -> £ 2 (Z) defined by 

(4.2) J : (c fc ) fcez ^ (cTT^) feeZ • 

which exchanges £\ (Z) and £ 2 (Z), i.e., J {£\ (Z)) = l\ (Z). Finally, we set 
T+ :=V+oT T- := V- o J". 

4.2. The operator $ : ^(Z) ->• i? 2 (Z,§). We come now to the main building 
block of the proof, which is the operator $ : £ 2 _{Jj) — > i7 2 (Z,§) constructed from 
the operator So (which exists by induction hypothesis) and Fourier series on £ 2 (Z) 
as follows. 

For each negative integer k G Z_, set 

(4.3) ft Rc (*) := * fc - S a (P in [C fc ] ) , ^ (*) == - (Pin [<1 ) (*) , 

where Sn : £ 2 n (dCl) — > -ff 2 (fi) is the inverse of Tq (which exists by assumption). 
Note that, while ( k has a pole at 0, P; n [C fc ] i s a well-defined L 2 function on dCl, 
and hence Sn(Pi n [C fe ]) i s well-defined as a holomorphic function on Cl. Thus the 
functions ipf and ip k are the unique holomorphic functions onO\ {0} such that 

iff (z) — z k and ip k (z) — iz k are holomorphic in SI 
P in [<pf (z)] = P in [<p* (z)] = on dCl. 

Lemma 9. Define the real-linear operator $ : l 2 _(f£) — > ff 2 (S,S) &?/ 

(4.4) $ : ( Ck ) kez ^ ( £ »e(c fc )^ + 9m(c fc )vn • 



HARDY SPACES AND BOUNDARY CONDITIONS FROM THE ISING MODEL 







(a) Then the operator <£> is well-defined and bounded as a bounded operator from 
e_{7L) toiJ 2 (3,§). 

(b) The operator $ is invertible, and $~ 1 : H 2 (E,S) £l(§) is equal to FRq S . 

Proof of Lemma []| To prove Part (a) , we have to show that the series defining $ 
converges and is bounded in H 2 (E, §) for (c k ) keZ € i 2 (1). Since the boundary 9f2 
of f2 lies entirely within the region > p} for some fixed p > I, the functions ( k 
decay exponentially fast for k negative, 

(4-5) ||C fc ||oo(oo) <p- k - 

By the assumption of Lemma|8l the operator So is bounded from L 2 (dft) to H 2 (fl). 
Thus we have 

\\(<pf-z k ) k< oUHn } < Cp- k 

ll(^-- fc ) fc <oH^W < C P~ k 
for a constant C independent of k. It follows that the series 



-l 

(4.6) ^(c k )(vt-z k )+Z m (c k )(vi-iz k ) 

k— — oo 



converges in H 2 {Vl) and defines a function in iJ 2 (fi) C ff 2 (3). Furthermore, by 
the Cauchy-Schwarz inequality, its H 2 (il) norm is bounded by 

(4.7) C £ \c k \p- k <C( £ |c fc | 2 )^( £ p- 2fc )^<C'( £ |c fc | 2 )i 

k— — oc k=—<x> k— — oo k— — oo 

Next, we consider the series diz(c k )z k + iSm (ct) z fc . ft converges uniformly on 
compact subsets and defines a holomorphic function on 3. As we have seen, on the 
components of 93 which are also in 9fi, it converges exponentially fast. On the 
component S of 93, it is an L 2 function, since the functions z k form an orthonormal 
system in L 2 (S), 



^2 ^ (c k ) z k + i^sm (c k ) z h 



k— — c 



L2(S) 



-1 

A;— — 00 



ft follows that its H 2 (^) norm is also bounded by C ^X)fc=-oc l c *:| 2 ) • Altogether, 
the expression 

-1 

$ (( c fc) fce z) = ^ e ^ Cfc ) (fk ~ z k )+^m (c fc ) (pjj* - iz k )+nc (c k ) z k +i%m (c k ) z k , 

k— — oo 

1 

defines a function in i? 2 (5), whose H 2 (E) norm is bounded byC ^X)fc=-oo l c fe| 2 ) 2 • 
This shows that $ is a well-defined and bounded operator, proving (a). 

Next, we prove (b). Checking that T- o $ = l& t 2 , z \ is easy. To get that 
$ o J r _ = Id#2(Q §), it just suffices to check that J-Lis injective. Suppose that 
/ G H 2 (5, S) is such that T- (/) is zero. Since it does not have any negative Fourier 
coefficients, / can be extended to a holomorphic function on Q. But Tq (/) = 0, 
and hence by the injectivity of the operator Tq established earlier in Section 3, it 
follows that / = 0. □ 
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4.3. The operators 0,Q : i 2 _(T) -> £ 2 _(Z). Let O : -> £ 2 _(Z) be the 

bounded operator defined by the composition 

O : £ 2 _ (Z) — > tf 2 (S, S) — ► L 2 n (S) — ■» £. (Z) , 
Then we have the following formula: 

Lemma 10. (a) The operator Tj is invertible with bounded inverse if and only if 
the operator O is invertible with bounded inverse, 
(b) The operator O can be expressed as 

(4.8) = Id elm + Q 

where Q is the operator on l 2 _ (Z) defined as the composition 

Q : l 2 _ (Z) — > H 2 (3. S) — > l\ (Z) — > £ 2 _ (Z) , 

where J is the operator of exchanging Fourier coefficients of positive and negative 
indices defined in Section 4.1. 

Proof of Lemma [751 Part (a) follows immediately from the fact that the other op- 
erators besides Tj in the composition defining the operator O are invertible with 
bounded inverses. 

To prove Part (b), let (c k ) k£Z £ t 2 _ (Z). Set / := $ ((c*) fceZ ) G ff 2 (fi,S), i.e., 

-l 

/(*)= J] Re(cfc)^(z) + 9fm(c k )^(2). 

fc— — CXD 

Set g:=Ti(f)GL 2 n (§). Thus 

We compute the Fourier coefficients of g with negative indices. Set e k (z) := z k 
(defined on S) and (f,g) := f (e i9 )g (e w ) dO. We have 

(ek,g) = (e k ,f) + <e fe ,e_i7) 

= (efe,/> + <e fe+ i,7) 

= (e fc ,/) + (e_ fc _ 1 ,/) 

= / e fe , ^ Re ( Ci ) <ff + Sm ( Cfc ) \ + (e_ fc _ x , /} 

\ j=—oo I 

-1 

= ^ (Re ( Cj ) (e k , > + 3m ( Cjb ) (e fe , ^)) + <e_*_ 1} /), 

j=—oo 

= c k + (e-k-i,f) 

where in the before last equation, we use that ^ — z- 7 and — iz^ are regular in 
the unit disk (and hence have no negative Fourier coefficients). From there we get 
T o T| o $ (cjt) = Cfc + Qcfc, which is the desired result. □ 

We arrive now at the key property of the operator Q, which is perhaps surprising 
in itself: 
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Lemma 11 (Positive definiteness). The operator Q : £?_(Z) — > ^?_(Z) is positive 
semi-definite with respect to the following real inner-product »g on £_(Z), 

(a k ) k »h (bk) k ■= Y ^ e ^ e + Sm ( flfc ) Sm ■ 
fcez 

Proof of Lemma\T^ Let (c fc ) fceZ € ^ (Z) and set / := $((c fe ) fc ) € # 2 (S,S). 
Then, from the proof of Lemma [TU1 we get: 

-l 

(c fc ) fc . R (Q(c fc ) fe ) = ^ ( Cfc ) SRe ((e^, /)) + 3m (c fc ) 3m ((e_ fe _i, /)) 

fe= — OO 
-1 

= Y, »e((eJ))Se((e_n,/))-3m((e fc ,/))3ra((e_n,/)) 

k— — oo 

On the other hand, by Fourier analysis, the conterclockwise-oriented integral of f 2 
on § gives 



1 Cfc 



-i 

= ^((e k J)(e- k -iJ)) 



h— — oo 
— 1 



= Y ^((e fe ,/))5Re(( e _ fc _ 1 ,/))-3m(( efc ,/))3m(( e _ fc _ 1 ,/)) 

k— — oo 

= (ck) k 'M(Q(c k ) k ). 

Because / £ i? 2 (S), we can deform the integration contour of f 2 (z)dz as in Section 
3 to get 

(()f 2 {z)dz=(f ) f 2 (z)dz, 
Js Jan 

where the orientation of the inner components of dfl is clockwise, and the ori- 
entation of the outer component of dfl is counterclockwise. But, as shown in 
Section 3, the fact that f(z) satisfies the boundary contion on dft implies that 
sft(i/ 2 (z) v out ) (z) > on dQ. Hence 

^-4 / 2 w d ^°- 

2m Ton 

We deduce that (ck) k »r (Q(c k ) k ) > 0. This proves the lemma. □ 

4.4. End of proof of Lemma [HI Finally, we can complete the proof of Lemma 
IU it suffices to consider the operator 

OO t = (lip m + O) (l&p m + Q T 



it (2^) J \ (Z) 

= L% (z) + (Q + Q T ) + QQ T 

which is symmetric (for the scalar product »r) . Its spectrum is bounded from below 
by 1. Thus OO t is invertible, and we can write 

O' 1 =O t (CO T ) _1 , 
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which is clearly a bounded operator. As noted in Lemma \W\ Part (a), the invert- 
ibility of O is equivalent to the invertibility of the operator T§. The proof of Lemma 
[51 and hence of Theorem [5] is complete. 

5. Intrinsic Formulation of the Ising Boundary Condition 

The Ising boundary condition 11.11 can be formulated intrinsically for spinors on 
an arbitrary Riemann surface ft with smooth boundary dil. Recall that a spin 
structure 5 on fi is a holomorphic line bundle Lg on fl with L 2 = Kn, where Kq 
is the canonical bundle of f2, that is, the bundle of (l,0)-forms over 51. Spinors on 
f2 with respect to the spin structure are then sections of Lg. By abuse of notation, 
we shall often denote spinors by f{z){dz)^ . 

Fix a spin structure Lg. Choose any metric ds 2 = g zz dzdz on Q with z, z as 
isothermal coordinates, and let N(z) — 25i(^(z) J|) be the inward-pointing unit 
normal. Then we say that a section f(z)(dz)? of Lg satisfies the Ising boundary 
condition if 

(5.1) f(zHz)gl z =J(zj{v{z)v{z)g- zz )i. 

It is easily seen that this condition is equivalent to the condition G(/(z)^(z)^) = 0. 
However, it is clearly intrinsic: a square root {g zz )^ of a metric g zz on the surface 
X is a well-defined metric on the spin bundle LJ . As such, it is a section of the 
bundle Lg ® Lg. The left hand side is thus a section of Lg ® LJ 2 ® (Lg ® Lg) — Lg. 
Since (yvg zz ) is a scalar, the right hand side is also a section of Lg, and the equation 
is intrinsic. Note that it is invariant under a Weyl scaling g zz — > e 2a ^ g zz of the 
metric, so it is an equation that depends only on the complex structure of X. 

6. Ellipticity of the Ising Boundary Condition 

The main goal of this section is to show that, for generic even spin structures, 
the Ising boundary condition defines an elliptic boundary value problem for the 
Cauchy-Riemann operator d. This is essentially a consequence of classic arguments 
for pseudo-differential operators, and we shall be brief. For simplicity, we assume 
that f2 is an open subset of a compact Riemann surface X, whose boundary <9f2 
is a smooth, simple closed curve in a domain holomorphically equivalent with the 
coordinate chart D = {z € C; \z\ < 2}. We assume also that X is equipped with a 
spin structure 5, and we equip with the induced spin structure. For generic even 
spin structures, the dimension of the space of holomorphic spinors on A is 0. 

We adapt the method of multiple-layer potentials. Let Sg(z, w)(dz)^ ® (dw)^ € 
Lg{z) ® Lg{w) be the Szego kernel for Lg, where Lg is the spin bundle defined by 
<5, L 2 = Kx, and Kx is the line bundle of (l,0)-forms on X. Then Sg(z,w) has 
exactly one simple pole in z at w when S is a generic even spin structure (see e.g. 
[21 [B]). Using the coordinate system on the chart D, we can write any section of Lg 
over 917 as f(w)(dw)^. Thus we can define the operator 

(6.1) F{z)=(—( Sg(w,z)f(w)dw(dz)i) 

\™ Jan J 

which maps sections of Lg over <9f2 to sections of Lg over f2. Clearly F(z) is 
holomorphic on Q. 
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(a) The boundary values of the spinor F(z) exist and are given by 



\im z ^ WQ F(z) = lim e _>.o— / S s {w,wo)f(w)dw(dw Q )^ - f(w )(dw ) 2 

\ ™ JdQ e {w ) J 

for any wq € <9S1. Here dfl e (wo) is the complement in <9f2 of the disk centered 
at wo and of radius e with respect to the Euclidian metric. This follows by the 
well-known Plemelj arguments (see e.g. [12]): the function f(w) in (|6.ip can be 
replaced by f(w) — /(u>o), since the integral of S$(w, z)dw over the contour dfl for 
fixed z £ fl can be deformed to the origin of the disk D. The resulting integral 
over Oil converges when z — > wq and can be replaced by the limit of integrals over 
dCl e (wo)- The contribution of the term f(wo) can now be evaluated separately: the 
contour dCl e (wo) can be viewed as the difference between a closed contour dil e (wo) 
consisting of <9f2 e (u>o) completed by a small half- loop C e (wo) of radius e around 
wq, in the exterior of f2, and the half-loop C e (wo) itself. The contribution over 
dfl £ (wo) is again by the holomorphicity of Ss(w,wq), while the one over C £ (wq) 
can be calculated exactly in the limit e — > 0, using the short-distance asymptotics 
of S s (z, w) = (z- w)- 1 + 0((z - w) 3 ). 

(b) Let H be the operator on dVl defined by the first expression on the right 
hand side of (|6 .If) . Then H is a pseudo-differential operator of order 0. Its leading 
term maps real functions to real functions, and its symbol a(z, £), if we parametrize 
dfi by the arc-length with respect to the Euclidian metric, is given by 

(6.2) <7(z,£)=i(sgn£). 

This statement is local. Since we can work near the diagonal z = w and drop 
smoothing errors, we can replace Ss(z, w) by (z — w)" 1 . If we parametrize dfl by 
the arc-length from a fixed point P £ dft, s — > w(s) E dft, we can express H as a 
one-dimensional singular integral operator with kernel 

(6.3) K(s,s )- - 



w(s) - w(so) (s - s )(t(s ) + (s - so)E(s, so)) 

where i(s) = dw / ds, and E(s, sq) is a smooth function. The last expression can be 
recognized as (s — So) up to a smooth kernel. Thus H is, up to smoothing errors, 
just the classic Hilbert transform, and it is well-known that (|6.2C is its symbol. 

(c) The Ising boundary condition (15.11) can be interpreted as the problem of 

finding F with boundary values admitting a given projection along each direction 

v 3 . To check ellipticity of this boundary value problem, we can again work locally 

and restrict ourselves to the terms of leading order. Then the complex number 

i i 
v(z)gl z has modulus 1, and can be expressed locally as v(z)g? z — e for some 

real-function 9 on dCl. The (signed) length of the projection of a complex number 

£ on the line e R is given by 

(6.4) l -e- w {C + e™() = + ^Q. 

Thus the ellipticity of the Ising boundary condition is just the ellipticity of the 
operator on real functions 

(6.5) / Mf =: ^{e- w (iH - /) + e ie (-iH - I))f = (sm9H- cos0)/. 
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Since the principal symbol of the operator M is z(sgn£) sin.0 — cos8, which has 
norm 1, the ellipticity of M follows at once. 

(d) As a consequence, the operator M admits a parametrix which is a pseudo- 
differential operator of order 0. In particular, it is bounded on Schauder spaces and 
on Sobolev spaces. Thus, when the operator T^ 1 exists, it is bounded on Schauder 
and on Sobolev spaces. 

(e) In general, the dimensions of the kernel of M and of its co-range are finite- 
dimensional. 



7. Canonical Metrics 

The solvability of the Ising boundary condition yields a new canonical metric 
for smooth multi-connected domains in C. In the case of the trivial spin structure, 
this metric corresponds to the energy density one-point function of the model, with 
locally constant +/- boundary conditions (see [5], Chapter 7). 

Let fi C C be a multi-connected domain with smooth boundary <9f2. Theorem 
implies the existence and uniqueness of the solution to the boundary value problem 

(7.1) dzG(z, w) = S(z, w) in fi, w)y/u) = 
for any given w € f2. We set 

(7.2) l(w) = lmi z ^ w {G(z,w) — ). 



It is then easy to show, by a similar argument as in the proof of the uniqueness 
part of Theorem Ul that £(w) is always a strictly positive number. Thus 

(7.3) dsft =: £(w) 2 dwdw 

defines a metric on fl. Lemma [3] implies that, for any conformal equivalence $, 

(7.4) ds% in) = $*(ds 2 n). 

In this sense, the "Ising energy metric" ds 2 is a canonical metric, which is actually 
different from the many other canonical metrics known in the literature. This can 
be verified explicitly in the case of an annulus ft = {z 6 C; 1 < \z\ < R} for some 
fixed R > 1. Then it is not difficult to verify that the Ising model metric is given 

by 

(7-5) 1( W ) = ^ -1— \ W 



2n 

R 2n+1 



\w\ 2n+1 



for the even spin structure (the spinors are anti-periodic when one goes around the 
circles centered at 0), and 

(7-6) ^H = E 1 -^rl 

for the odd spin structure (the spinors are now periodic). On the other hand, the 
Bergman metric K (z) is given by 

1 , o 1 1 



Trlogi? 2 ' 1 7T ^ {Rp\z\ 2 -R-p) 2 
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while the Robin metric is given in terms of the ^-function 

(7-8) 6(^-\o gj ^ + l\-\ogR), 

up to a factor independent of w (in fact, a Dedekind function in R). 
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